In this article, we shall look into the existence of vertical cylinders contained in a weak del Pezzo fibration as a generalization of the former work due to Dubouloz and Kishimoto in which they observed that of vertical cylinders found in del Pezzo fibrations. The essence lying in the existence of a cylinder in the generic fiber, we devote mainly ourselves into a geometry of minimal weak del Pezzo surfaces defined over a field of characteristic zero from the point of view of cylinders. As a result, we show that weak del Pezzo fibrations containing vertical cylinders are quite restrictive.
Introduction
Letting k be a field of characteristic zero, an A s k -cylinder contained in a normal algebraic variety X defined over k is an open subset U ⊆ X, which is isomorphic to Z × A s k for some algebraic variety Z. When the rank s of cylinder U is not important, U is just said to be a cylinder. Certainly cylinders are geometrically simple object, however they receive a lot of attentions recently from the viewpoint of unipotent group actions on affine cones over polarized varieties (cf. [8, 9, 10, 11] ). As a special type of projective varieties, let us look at Mori Fiber Space (MFS, for simplicity), say f : X → Y . Let r = dim(X)−dim(Y ) be the relative dimension of f . In case of r = 1, i.e., Mori conic bundle case, a general fiber of f is a smooth rational curve P 1 , so it contains obviously the affine line A 1 . Hence to some extent it seems reasonable to expect that a family of affine lines found in general fibers would be unified to yield an A 1 -cylinder in X respecting the structure of f (in other words, a vertical A 1 -cylinder with respect to f ). But, this expectation is already too optimistic, in fact, it follows that X contains a vertical A 1 -cylinder if and only if the generic fiber X η = f −1 (η) of f , which is isomorphic to a smooth conic in the projective plane P 2 C(η) defined over the function field C(η) = C(Y ) of the base variety, admits a C(η)-rational point. On the other hand, as for the case of r = 2, i.e., f : X → Y is a del Pezzo fibration, the criterion for X to contain a vertical cylinder with respect to f becomes to be more subtle (cf. [5] ), namely, X contains a vertical A 1 -cylinder if and only if the degree of the del Pezzo fibration is greater than or equal to 5 in addition to the existence of C(η)-rational point on the generic fiber X η of f . This article will deal mainly with criteria concerning the existence of vertical cylinders found on a weak del Pezzo fibration in stead of del Pezzo fibrations (see Definition 1.1 for the definition). Definition 1.1. A dominant projective morphism f : X → Y of relative dimension two between normal projective varieties with only Q-factorial, terminal singularities is called a weak del Pezzo fibration if the generic fiber X η = f −1 (η) is a weak del Pezzo surface which is minimal over the field C(η) = C(Y ) of rational functions on the base variety. Remark 1.2. As convention, we say that a smooth projective surface S defined over a field k of characteristic zero is a weak del Pezzo surface if the anti-canonical divisor −K S is nef and big, but not ample. Remark 1.3. As convention, we say that a smooth projective surface S defined over a field k of characteristic zero is minimal over k if any orbit of a (−1)-curve E on the base extension:
S k := S × Spec(k) Spec(k) with respect to the Galois action Gal(k/k) properly contains E and is not a disjoint union of (−1)-curves.
We have to define vertical cylinders which play an important role in this paper: An open subset U of X is called a vertical A s -cylinder with respect to f if:
(1) U is isomorphic to an A s -cylinder Z × A s for a certain algebraic variety Z,
(2) There exists a dominant morphism g : Z → Y (of relative dimension r − s) such that the restriction of f to U coincides with g • pr Z .
By definition, provided that X contains a vertical A s -cylinder with respect to f , general fibers X y = f −1 (y) contain an A s -cylinder. But, the converse does not hold true in general. In fact, the behavior of the generic fiber X η plays a crucial role for X to contain a vertical cylinder, more precisely, it is known that X possesses a vertical A s -cylinder with respect to f if and only if X η contains an A s C(η) -cylinder (cf. [5, Lemma 3] ). The main interest in the article lies in a criterion about existence of a vertical cylinder found in weak del Pezzo fibrations f : X → Y . As just above mentioned, X contains a vertical A scylinder with respect to f if and only if the corresponding generic fiber X η , which is a minimal weak del Pezzo surface defined over the field C(η) = C(Y ), contains an A s C(η) -cylinder. Thus the following problem is essential for our purpose: Problem 1.5. Let k be a field of characteristic zero, and let S be a weak del Pezzo surface defined over k, which is minimal over k. Then:
(1) How about a classification of such minimal weak del Pezzo surfaces ? For instance, can we determine the value d ∈ {1, 2, . . . , 8} such that there exists (or there does not exist) a minimal weak del Pezzo surface of degree d ?
(2) In which case does S contain an A 1 k -cylinder, or more idealistically the affine plane A 2 k ? The main result in the article, which is concerned with Problem 1.5, is stated as follows: Theorem 1.6. Let k be a field of characteristic zero, and let S be a weak del Pezzo surface defined over k of degree d := (−K 2 S ), which is minimal over k. Then: (1) d = 3, 5, 6, 7.
(2) S contains an A 1 k -cylinder if and only if d = 8. In particular, S contains the affine plane A 2 k if and only if d = 8 and S(k) = ∅. Corollary 1.7. Let f : X → Y be a complex weak del Pezzo fibration of degree d and let X η be a generic fiber of f .
(1) d = 3, 5, 6, 7.
(2) f admits a vertical A 1 C -cylinder if and only if d = 8.
In particular, f admits a vertical A 2 C -cylinder if and only if d = 8 and X η (C(Y )) = ∅. The scheme of the article proceeds as follows: In §2, we shall summarize basic properties on minimal weak del Pezzo surfaces S defined over a field k of characteristic zero. It is well known that the degree d = (−K 2 S ) of S is in the range 1 ≤ d ≤ 8. In fact, it follows that d should be equal to 1, 2, 4 or 8 in order that S would be minimal over k. In §3, we deal at first the case of d = 8, i.e., the case where S is a k-form of the Hirzebruch surface F 2 of degree two, and prove that S contains always a cylinder. We want to notice however that S does not necessarily admit k-rational points (compare the fact that any minimal del Pezzo surface over k containing a cylinder admits k-rational points, see [5] ). In the last section §4, we will show that any minimal weak del Pezzo surface of degree either 1, 2 or 4 does not contain a cylinder in consideration of the result in §2. One of the most important ingredients for the proof of this fact is a variant of Corti's inequality (cf. [2, Theorem 3.1]).
2.
Minimal weak del Pezzo surfaces 2.1. Basic properties about weak del Pezzo surfaces. In this subsection, we prepare the basic but important properties for the article. Let S be a weak del Pezzo surface over a field k of characteristic zero. Proposition 2.1. S k is a rational surface. Hence, there exists a birational morphism σ : S k → P 2 k over k unless S k is isomorphic to the Hirzebruch surface F 2 of degree two. Proof. We have h 0 (S k , O S k (2K S k )) = 0 since −K S k is nef and big. Moreover we have h 0 (S k , O S k ) = 0 by Kawamata-Viehweg vanishing theorem (see e.g., [12, Theorem 2 .64]). By these combined with the Castelnuovo's rationality criterion, this completes the proof of this proposition. Proposition 2.2. Let C be a negative curve on S k , i.e., C is an irreducible reduced curve and (C 2 ) < 0. Then C is either a (−1)-curve or a (−2)-curve.
The following fact is well known from the point of view of minimal model program of projective surfaces over a field of characteristic zero (see e.g., [12, Theorem 1.29]). (
2.2. Type of weak del Pezzo surfaces. In this subsection, we shall recall a classification of weak del Pezzo surfaces over an algebraically closed field of characteristic zero for a later use. For this purpose, we will define the type of weak del Pezzo surfaces. . Let S 1 , S 2 be two weak del Pezzo surfaces over a field k of characteristic zero. Then we say that S 1 and S 2 have the same type if one of the following (1) and (2) holds true depending on k:
(1) In case that k is algebraically closed, S 1 , S 2 are said to have the same type if there is an isomorphism Pic(S 1 ) ≃ Pic(S 2 ) of groups preserving the intersection form that gives a bijection between their sets of classes of negative curves. (2) In case that k is not algebraically closed, we say that S 1 , S 2 have the same type if so do the base extensions S 1,k , S 2,k of them.
Remark 2.6. By Proposition 2.2, note that any negative curve on a weak del Pezzo surface over an algebraically closed field of characteristic zero is either a (−1)-curve or a (−2)-curve.
The classification, which is summarized as in the following Table 1 , of weak del Pezzo surfaces over an algebraically closed field of characteristic zero according to the degree, the type and the number of (−1)-curves is known (cf. [3, 4, 6] ). More precisely, [3, 4, 6] will yield the information as in Table 1 for the case of d ≥ 3 or (d, Type) = (2, E 7 ), (2, A 7 ), (2,
. The number of (−1)-curves for the remaining cases can be computed by a tedious but straightforward calculation (see e.g., [4, Lemma 8.2.22] ), so that we shall omit the detail. The name of type in Table 1 reflects exactly on the type of Du Val singularities on the normal del Pezzo surface which is obtained by contracting all of (−2)-curves on a given weak del Pezzo surface except for the following types: Type The number of (−1)-curves 8 d Type The number of (−1)-curves 4 d Type The number of (−1)-curves d Type The number of (−1)-curves 1 Proof. Note that the union of all (−2)-curves on S k is defined over k, so that we can contract them over k, say τ : S → S. Since 2 = ρ(S) > ρ( S), it follows that S is a normal del Pezzo surface of Picard number ρ( S) = 1. If S k admits Du Val singularities other than those of A 1 -type or A 2 -type, then τ would be decomposed into at least two birational contractions defined over k. This is absurd because of ρ(S) − ρ( S) = 1. Thus it must be that the type of S is either mA 1 or mA 2 for some positive integer m and all singularities on S k are transformed to each other by means of the action of Gal(k/k).
Corollary 2.8. If S is minimal over k, then the degree and the type of S are one of the following:
Proof. By Proposition 2.3, the Picard number of S is equal to 2. Hence this corollary is clear by Table 1 and Lemma 2.7.
Example 2.9. We shall construct an example of weak del Pezzo surface of degree 4, which is minimal over R as follows: Let S ′ be the cubic surface defined by:
is the proper transform of a curve (x = y = 0) (resp. (x = 0, z = ± √ −1w), (y = 0, z = ± √ −1w), (x + y = 0, z = ± √ −1w)) on P 3 C by τ C . Thus E ′′ 0 is defined over R, moreover, E ′′ i,+ and E ′′ i,− are exchanged by Gal(C/R)-action for i = 1, 2, 3. Hence we can contract E ′′ 0 over R, say ρ : S ′′ → S of E ′′ 0 . By construction, S is then a weak del Pezzo surface of degree 4 over R and of 2A 1 (1)-type. Moreover we can show that S is minimal over R.
Remark 2.10. Note that Corollary 2.8 is not a sufficient condition for a given weak del Pezzo surface to be minimal. Indeed, for instance by starting with the projective plane P 2 k over k, we can easily construct a weak del Pezzo surface of degree d ∈ {1, · · · , 7}, which is not minimal over k, via blow-ups of k-rational points on P 2 k . Thus the minimality of weak del Pezzo surfaces can not be detected by the type only. Instead of minimality, we will define a weaker version of minimality as follows, which depends only on the type. Definition 2.11. Let S be a weak del Pezzo surface over k. Then S is quasi-minimal if the following two conditions are satisfied:
(1) S is either of mA 1 -type or mA 2 -type for some positive integer m.
(2) For any (−1)-curve E on S k , there exists a (−1)-curve E ′ on S k such that:
Note that if S is minimal then S is quasi-minimal. Hence at first we shall be occupied with a classification of quasi-minimal weak del Pezzo surface before that of minimal ones in order to restrict the object to look into. From this point of view, the following proposition plays an important role. The "if" part of Proposition 2.12 is easy to confirm by definition of being quasi-minimal (see subsection2.5 and e.g., [4, Lemma 8.2.22] ). On the other hand, the "only if" part is a little bit long. We will give the proof for Proposition 2.12 in 2.4.
2.4.
Proof of Proposition 2.12. Let S be a weak del Pezzo surface of degree d over a field k of characteristic zero. Assume that the type of S is one of that in the list of Corollary 2.8 such that it does not appear in the list of Proposition 2.12. By Proposition 2.1, there exists a birational morphism σ : S k → P 2 k , which is the blow-up of (9−d)-points of P 2 k including infinitely near points. This σ is factorized as follows:
k , where f i is a blow-up at a closed point for i = 1, . . . , 9 − d. Let E i be the proper transform on S k of the exceptional divisor of f i . Let us put σ i := f i • · · · • f 9−d for i = 1, . . . , 9 − d, and let e i be the total transform of σ i+1 (E i ) by σ i+1 for i = 1, . . . , 8 − d and put e 9−d := E 9−d . Note that:
At first, we shall deal with the case in which S is of degree d = 1 and of A 1 -type. We denote by M the unique (−2)-curve on S k . We can easily see that there is a unique (−1)-curve E on S k meeting M with intersection number (E · M ) = 2 (see e.g., [4, Lemma 8.2.22] ). In particular, for any (−1)-curve E ′ , which is distinct from E, on S k (if it exists at all), it follows that |M E (2, 2)| = 1 and |M E ′ (2, 2)| = 0, which means that S is not quasi-minimal.
In what follows, we deal with the remaining cases simultaneously. Let α be the positive integer defined as in Table 2 according to the type and the degree of S, where "-" in Table 2 means that there does not exist any such case, and "×" in Table 2 means that we do not have to take care of because such cases are not found in the list of Proposition 2.12. Notice that α is smaller than or equal to the number of (−2)-curves on S k . Let β be the number of (−1)-curves on S k intersecting exactly α (−2)-curves. 
We observe (−2)-curves on S k . In fact, we can verify that they are linearly equivalent to the following elements in Pic(S k ):
Then we can find explicitly β (−1)-curves on S k meeting exactly α (−2)-curves on S k (see e.g., [4, Lemma 8.2.22]). These (−1)-curves on S k are summarized as in Table 3 , where L i,j is a (−1)-curve on S k linearly equivalent to (σ * O P 2 k (1)) − e i − e j . In particular, we can determine β (see Table 3 ). 
Let E be a (−1)-curve on S k meeting exactly α (−2)-curves. If β = 1, then E is defined over k, otherwise the union of these β (−1)-curves on S k is disjoint by Table 3 . Hence in any case, for any (−1)-curve E ′ on S k which is distinct from E with (E · E ′ ) > 0 on S k (if there exists at all), then it follows that |M E (2, 1)| = α and |M E ′ (2, 1)| = α, which means that S is not quasi-minimal. This completes the proof of Proposition 2.12. Hence, we get immediately the assertion (1) of Theorem 1.6, by Proposition 2.12.
The following examples will help readers to understand the above argument well and to make use of Tables 2-3: Example 2.13. We explain how to verify that S is not quasi-minimal for the following two cases:
(1) Assme that d = 6 and S is of A 2 -type. By Table 2 , let us put α := 1. We shall find all (−1)-curves on S k , which are meeting exactly one (−2)-curve. Since S is of A 2 -type, S k contains two distinct (−2)-curves M 1 , M 2 . By Table 3 , let us take σ such that M 1 ∼ M 0 1,2 and M 2 ∼ M 0 2,3 , i.e., f 1 is a blow-up a closed point x 1 and f i is a blow-up a closed point
We can easily see that two (−1)-curves E := f −1 3 (x 3 ) ∼ e 3 and L 1,2 ∼ (σ * O P 2 k (1)) − e 1 − e 2 meet M 2 , however these do not meet M 1 , moreover, we have β = 2 (see e.g., [4, Lemma 8.2.22] ). Since E and L 1,2 are disjoint union, for any (−1)-curve E ′ on S k with (E · E ′ ) > 0, it follows that 1 = |M E (2, 1)| = |M E ′ (2, 1)|, which means that S is not quasi-minimal.
(2) Assme that d = 2 and S is of 3A 1 (1)-type. By Table 2 , let us put α := 3. We shall find all (−1)-curves on S k , which are meeting all (−2)-curves M 1 , M 2 , M 3 , since S is of 3A 1 (1)-type. By Table 3 , let us take σ such that M 1 ∼ M 1 1,2,3 , M 2 ∼ M 1 1,4,5 and M 3 ∼ M 1 1,6,7 , i.e., there exists three lines ℓ 1,2,3 , ℓ 1,4,5 , ℓ 1,6,7 on P 2 k such that σ is the blowup at seven distinct closed points x 1 = ℓ 1,2,3 ∩ ℓ 1,4,5 ∩ ℓ 1,6,7 , x 2 , x 3 ∈ ℓ 1,2,3 , x 4 , x 5 ∈ ℓ 1,4,5 and x 6 , x 7 ∈ ℓ 1,6,7 . We can easily see that the (−1)-curve E := σ −1 (x 1 ) is linearly equivalent to e 1 and meets M 1 , M 2 and M 3 , moreover, we have β = 1 (see e.g., [4, Lemma 8.2.22] ). Hence, for any (−1)-curve E ′ on S k with (E · E ′ ) > 0, it follows that 3 = |M E (2, 1)| = |M E ′ (2, 1)|, which means that S is not quasi-minimal.
Minimal weak del Pezzo surfaces.
In this subsection, we study weak del Pezzo surfaces, which is minimal over a field k of characteristic zero. The case of degree 8 is well-known, i.e., it is a k-form of the Hirzebruch surface F 2 of degree two. Thus, it is enough to study the case of degree less than 8. Let S be a minimal weak del Pezzo surface of degree d, which is stricty less than 8, over k.
Note that S is endowed with a structure of Mori conic bundle defined over k by Lemma 2.3, since S is minimal over k. Moreover we have the following proposition: Proposition 2.14. Any Mori conic bundle of S does not admit a section defined over k.
Proof. Let π : S → B be a Mori conic bundle of S. By Proposition 2.4, we have B k ≃ P 1 k . Note that the base extension of π to the algebraic closure π k : S k → B k ≃ P 1 k admits always a section defined over k, by Tsen's theorem. Let Γ be a section of π k . Recall that d < 8. Thus π k admits a singular fiber F by Proposition 2.4. We can easily see that F is the union E ∪ E ′ such that E meets Γ, where E and E ′ are (−1)-curves on S k , meeting transversally at a closed point p and are exchanged by the Gal(k/k)-action. Since Γ is a section of π k , Γ does not contain p. Hence these exists a closed point q ∈ E\{p} such that Γ contains q. Since E and E ′ are exchanged by the Gal(k/k)-action, there exists a closed point q ′ ∈ E ′ \{p} such that q and q ′ are contained a same Gal(k/k)-orbit. Therefore Γ is not defined over k.
On the other hand, by Proposition 2.12, S satisfies one of the following:
(a) d = 4 and the type of S is 2A 1 (1)-type.
(b) d = 2 and the type of S is A 1 -type.
(c) d = 2 and the type of S is A 2 -type.
(d) d = 2 and the type of S is 4A 1 (2)-type.
(e) d = 1 and the type of S is 2A 1 -type.
(f) d = 1 and the type of S is 2A 2 -type.
Recall that the notation in subsection 2.4, i.e., let σ :
..,i 3−d and M 3 i be those as in subsection 2.4. We construct explicitly σ as follows:
(a) d = 4 and of 2A 1 (1)-type: σ is taken in such a way that two (−2)-curves on S k are linearly equivalent to M 0 1,2 and M 1 3,4,5 . . Note that in any case E i is linearly equivalent to e i and meets some (−2)-curves on S k for i = 2, . . . , 9 − d. One the other hand, the (−1)-curve L i on S k , which is linearly equivalent to (σ * O P 2 k (1)) − e 1 − e i , meets some (−2)-curves on S k for i = 2, . . . , 9 − d. In particular, E i and L j satisfy (E i · L j ) = δ ij for i, j = 2, . . . , 9 − d, where δ ij is the Kronecker delta. Forthermore, it follows that E i s and L i s exhaust all (−1)-curves on S k meeting of least on (−2)-curve for i = 2, . . . , 9 − d. Thus E i and L i are exchanged by the Gal(k/k)-action for i = 2, . . . , 9 − d, since S is minimal over k. Therefore we have the following proposition: Proposition 2.15. S satisfies the following conditions:
(1) The subgroup Pic(S k ) Gal(k/k) generated by Gal(k/k)-invariant divisors is contained in
(1)) − αe 1 − β(e 2 + · · · + e 9−d ) | α, β ∈ Z}.
(2) If Γ is an irreducible curve with (Γ 2 ) ≥ 0 on S k defined over k so that Γ ∼ (α + 2β)(σ * O P 2 k (1)) − αe 1 − β(e 2 + · · · + e 9−d ), then we have 0 ≤ β ≤ α. Moreover, if (Γ 2 ) = 0, then α = 1, β = 0.
Proof. (1) Let us take an element D ∈ Pic(S k ) Gal(k/k) so that D ∼ c 0 (σ * O P 2 k (1)) − 9−d i=1 c i e i for some integers c 0 , c 1 , . . . , c 9−d . Since E i and L i are exchanged by the Gal(k/k)-action for i = 2, . . . , 9 − d, we have:
for i = 2, . . . , 9 − d. Therefore we have c 2 = · · · = c 9−d and c 0 = c 1 + 2c 2 , in particular, we see:
(1)) − c 1 e 1 − c 2 (e 2 + · · · + e 9−d ).
(2) Note that β = (Γ · E 2 ) ≥ 0. By (Γ · M ) ≥ 0, where M is a (−2)-curve on S k , we have β ≤ α. Thus we have 0 ≤ β ≤ α.
One the other hand, If (Γ 2 ) = 0 and β = 0, then α = 1 since σ(Γ) is an irreducible curve of degree α on P 2 k such that the multiplicity of the point σ(E 1 ) on σ(Γ) is equal to α. Hence assume that (Γ 2 ) = 0. Let us show that β = 0. By 0 = (Γ 2 ) = 4αβ − (d − 4)β 2 , we have either β = 0 or 4α = (d − 4)β. Suppose that β = 0. Then we have 0 ≤ 4β ≤ (d − 4)β, by virtue of 4α = (d − 4)β and 0 ≤ β ≤ α. Thus β must be zero by d ≤ 4, however, it is contradiction to β = 0. Therefore we see β = 0.
Case of degree 8
In this section, we shall give the proof for "if" part of the assertion (2) of Theorem 1.6. Let k be a field of characteristic zero and let S be a weak del Pezzo surface of degree 8 over k. Then S is minimal by Table 1 , moreover, S is a k-form of Hirzebruch surface F 2 of degree two, i.e., S k ≃ F 2 . Then we prove the following result: Theorem 3.1. Any weak del Pezzo surface of degree 8 over k is minimal and contains an A 1 k -cylinder. Proof. Let S be a weak del Pezzo surface of degree 8 over k. Then S is minimal by Table 1 , hence, S is endowed with a structure of Mori conic bundle π : S → B by Proposition 2.3. The base extension of π to the algebraic closure π k : S k ≃ F 2 → B k is a P 1 -bundle over B k ≃ P 1 k by Proposition 2.4. As π itself is defined over k, the base curve B k is also equipped with an action of Gal(k/k) induced from that on S k . The minimal section M on S k being Gal(k/k)-invariant, M is defined over k. The complement, say U , of a divisor composed of M and the pull-back by π k of a Gal(k/k)-orbit on B k is then a smooth affine surface defined over k. The restriction π| U of π to U yields a morphism over an affine curve Z ⊆ B. By construction, the base extension π| U,k is an A 1 -bundle to conclude that so is π| U by [7, Theorem 1], which implies that there exists an open subset
k . This completes the proof. C -cylinder with respect to f . Proof. The generic fiber X η of f is a C(Y )-form of the Hirzebruch surface of degree 8, in other words a weak del Pezzo surface of degree 8. The base Y being an algebraic curve over C, the corresponding function field C(Y ) is a C 1 -field by Tsen's Theorem, which allows us to say that X η admits C(Y )-rational points. Therefore, X η contains the affine plane A 2 C(Y ) defined over C(Y ) by virtue of Corollary 3.2, which means that X contains a vertical A 2 C -cylinder with respect to f . Example 3.4. Take a smooth conic without R-rational points:
For a closed point p on S ′ C , the union of p and its complex conjugation p is defined over R. Let F (resp. F ) be the fiber of the canonical projection pr : S ′ C → C C passing through p (resp. p). Note that F is different from F and the union F + F is defined over R. Both of the blow-up σ : S ′′ → S ′ at p ∪ p and the contraction τ : S ′′ → S of the proper transform of F + F are defined over R. Then S is an R-form of S C ≃ F 2 such that S(R) = ∅. Hence S contains an A 1 R -cylinder, but it does not contain the affine plane A 2 R by Theorem 3.1 and Corollary 3.2.
4.
Case of degree less than 8 4.1. In this section, we shall give the proof for "only if" part of (2) of Theorem 1.6. Let k be a field of characteristic zero and let S be a minimal weak del Pezzo surface of degree d, which is strictly less than 8, over k. As already seen in Proposition 2.3, S is endowed with a structure of a Mori conic bundle of S over k. By Propositions 2.12, 2.14 and 2.15, it follows that d ≤ 4 and that S satisfies the following conditions, in which σ : S k → P 2 k and {e i } 1≤i≤9−d are those as in subsection 2.5:
(A) Any Mori conic bundle of S does not admit a section defined over k.
(B) The subgroup Pic(S k ) Gal(k/k) generated by Gal(k/k)-invariant divisors is contained in
(1)) − αe 1 − β(e 2 + · · · + e 9−d ), then we have 0 ≤ β ≤ α. Moreover, if (Γ 2 ) = 0, then α = 1, β = 0.
4.2.
In what follows, we will show that S does not contain any A 1 k -cylinder. Suppose on the contrary that S contains an A 1 k -cylinder, say U ≃ A 1 k × Z, where Z is a smooth affine curve defined over k. The closures in S of fibers of the projection pr Z : U ≃ Z × A 1 k → Z yields a linear system, say L , on S. By construction, the base extension of L , say L k , is a linear pencil on S k . Proof. Assume that Bs L is base point free. Thus, the projection pr Z : U ≃ Z × A 1 k → Z yields a morphism π : S → Z over k. By construction, π is a Mori conic bundle of S, moreover, π admits a section, which is contained S\U , defined over k. It is a contradiction to (A). Therefore Bs L is not base point free.
Note that Bs L k is not base point free, by above argument. Since fibers of the base extension pr Z k : U k ≃ Z k × A 1 k → Z k are isomorphic to the affine line, in particular, having only one-place at infinity, Bs L k is composed of one point. Furthermore, this point is defined over k. Therefore Bs L consists of only one k-rational point.
Let us denote by p the base point of the linear system L . Recall that S is endowed with a structure of a Mori conic bundle π : S → B over a geometrically rational curve B defined over k. Since p is k-rational by Claim 4.1, so is its image via π. In particular, B is isomorphic to P 1 k . By similar argument, since Z is contained a projective line P 1 k on k, L is a linear pencil on S. Claim 4.2. Let Γ be an irreducible curve with (Γ 2 ) ≥ 0 defined over k on S k . Then there exist integes a, b such that Γ ∼ a(−K S ) + b(π * O P 1 k (1)). In particular, b is non negative.
Proof. In consideration of (B), we can write: Γ ∼ (α + 2β)(σ * O P 2 k (1)) − αe 1 − β(e 2 + · · · + e 9−d ) = β{3(σ * O P 2 k (1)) − (e 1 + · · · + e 9−d )} + (α − β){(σ * O P 2 k (1)) − e 1 }, for some integers α, β with 0 ≤ β ≤ α by (C). Note that −K S k ∼ 3(σ * O P 2 k (1)) − (e 1 + · · · + e 9−d ). Moreover we have π * k O P 1 k (1) ∼ σ * O P 2 k (1) − e 1 by (C). Therefore we see:
Γ ∼ a(−K S ) + b(π * O P 1 k (1)), with a := β and b := α − β. Notice that b ≥ 0 as α ≥ β.
4.3.
The pencil L is a sub-linear system of |a(−K S ) + b(π * O P 1 k (1))| for suitable integers a, b. Note that b ≥ 0 by Claim 4.2, since the self-intersection number of general member of L is positive. On the other hand, since members of L are different from fibers of π k , we can easily see that a > 0. Let τ : S → S be the shortest succession of blow-ups p and its infinitely near points such that the proper transform L := τ −1 * L of L is free of base points to give rise to a morphism ϕ : S → P 1 k :
The following claim will play an important role for our argument: (1)) + 1 a L is not log canonical at p.
Proof.
Letting { E i } 1≤i≤n be the exceptional divisors of τ with E n the last exceptional one, which is a section of ϕ, we have:
( L · E i ) = 0 (1 ≤ i ≤ n − 1) 1 (i = n) (4.1) and
for some rational numbers γ i (i = 1, . . . , n). As a > 0, b ≥ 0 and ( L 2 ) = 0, we have: L · τ * K S − b a (π * O P 1 k (1)) + 1 a L + γ n .
Since K S − b a (π * O P 1 k (1)) + 1 a L ∼ Q 0, we have finally γ n ≤ −2, which completes the proof. where L 1 , L 2 are general members of L . Meanwhile since L 1 and L 2 meet at only p, the left hand side of (4.3) can be written as:
where we recall that d is less than or equal to 4. It is a contradiction to (4.3). This shows that S never contains an A 1 k -cylinder. Acknowledgement. The author is deeply grateful to his supervisor Professor Takashi Kishimoto for his helpful and valuable advices with warm encouragement during the preparation of the paper. The author is also thankful to Professors Ivan Cheltsov and Kiwamu Watanabe for their useful advices about the usage of Corti's inequality and root systems.
